Abstract. We show that suitable congruences between polarized automorphic forms over a CM field always produce elements in the Selmer group for exactly the ±-Asai (aka tensor induction) representation that is critical in the sense of Deligne. For this we relate the oddness of the associated polarized Galois representations (in the sense of the Bellaïche-Chenevier sign being +1) to the parity condition for criticality. Under an assumption similar to Vandiver's conjecture this also provides evidence for the Fontaine-Mazur conjecture for polarized Galois representations of any even dimension.
Introduction
Ribet proved in [Rib76] that, if a prime p > 2 divides the numerator of the k-th Bernoulli number for k ≥ 4 an even integer, then p divides the order of the part of the class group of Q(µ p ) on which Gal(Q(µ p )/Q) acts by the (1−k)-th power of the mod p cyclotomic character ǫ. The argument (in fact a slight variance of Ribet's proof outlined in [Kha00] ) is as follows: One considers the weight k Eisenstein series for SL 2 (Z) and proves the existence of a weight k cuspidal eigenform that is congruent to the Eisenstein series. Ribet then shows that one can find a lattice in the irreducible odd p-adic Galois representation ρ f associated to f such that its mod p reduction gives a non-split extension 1 * 0 ǫ k−1 . Note that this proves one direction of the Bloch-Kato conjecture for the Riemann zeta function (proven in [BK90] Theorem 6.1 (i)) in so far as it relates the p-divisibility of the value ζ(k) π k for the even integer k to that of the order of the Selmer group for the critical motive Q(1 − k). For odd k this motive is not critical and Vandiver's conjecture predicts, in fact, that the corresponding Selmer group is trivial. We note that ρ f is polarized in the sense that ρ
and that the characters occurring in the reduction get swapped under this polarization. We generalize Ribet's strategy using polarized (essentially conjugate dual) Galois representations of CM fields to prove part of the Bloch-Kato conjecture for general Asai (or tensor induction) L-functions, our main result in Theorem 7.1. For the Asai L-functions induced from CM fields a similar parity condition to that for the Riemann zeta function is required for criticality. We demonstrate in Corollary 7.3 1 that this parity condition is linked to the oddness of the polarized Galois representation (where the representation is odd if the sign defined in [BC11] equals +1, see Definition 5.5).
By the Fontaine-Mazur conjecture in [FM95] all representations σ : G Q → GL 2 (Q p ) that are "geometric" (i.e. unramified at almost all primes and potentially semi-stable at p) are modular and therefore odd (in the sense that det(σ(c)) = −1 for any complex conjugationc), or they must be a Tate twist of an even representation with finite image. Calegari proved the following remarkable result about the non-existence of even geometric representations: Theorem 1.1 ([Cal12]). Let p > 7 be a prime and σ : G Q → GL 2 (Q p ) a continuous representation such that σ is unramified at all but finitely many primes, and at p is potentially semi-stable with distinct Hodge-Tate weights. Further assume that the residual representation σ is absolutely irreducible and not of dihedral type, and that σ| Dp is not a twist of a representation of the form ǫ * 0 1 . Then σ is odd.
In the residually reducible case one can use Ribet's argument to prove the following: Proposition 1.2. Let p > 2 and σ : G Q → GL 2 (Q p ) an irreducible continuous representation such that σ ss = 1 ⊕ ǫ m for m ∈ Z >0 . Assume that σ is unramified outside of p, and either ordinary at p or crystalline at p with Hodge-Tate weights
Proof. By [Rib76] one can find a lattice such that the mod p reduction is a non-split extension of the form 1 * 0 ǫ m that is unramified away from p. One can show that this extension is split at p. This follows from Fontaine-Laffaille theory if σ is "short crystalline" as in the statement, or from ordinarity, which implies that σ| Dp has an unramified quotient. This implies (see e.g. [Kha00] p. 275) that p | #Cl(Q(µ p ))(ǫ −m ). By Vandiver's conjecture m has to be odd, which implies that det(σ) is odd. Remark 1.3. The assumptions on the ramification of σ can be weakened, e.g. by allowing ramification at primes ℓ satisfying ℓ m ≡ 1 mod p. At p crystallinity alone is not enough to be able to deduce that the extension is split at p, as the following example (pointed out to us by Kevin Buzzard) shows: Consider p = 3 and σ = ρ ∆,3 the 3-adic Galois representation associated to the weight 12 level 1 cuspform ∆. Then ρ ss ∆,3 = 1 ⊕ ǫ, but the class number of Q(µ 3 ) is one. We will prove in Corollary 8.3 a higher-dimensional generalization of Proposition 1.2 (for residually reducible polarized Galois representations of any dimension) as a consequence of the contrapositive of our main result.
Given a representation ρ : G K → GL n (E) for K/K + a CM field and E a finite extension of Q p one can define two extensions of ρ ⊗ ρ c to G K + , which we denote by As ± (ρ) (for details see section 3). Our main result Theorem 7.1 concerns the Bloch-Kato conjecture for these representations and generalizes our previous result in [Ber15] for Asai representations of 2-dimensional representations of an imaginary quadratic fields to this setting, including extensions of adjoint representations of polarized regular motives as studied in [Har13] . We explore in this paper the subtle connection between polarizations, signs and criticality that this exposes.
To explain this we need to introduce some more notation: Let Ψ : G K + → E * be a Hecke character and R :
R is residually reducible with two summands that get swapped under the polarization). Using Shapiro's lemma we relate in Lemma 4.1 the K + -Selmer group for As ±Ψ(cv) (ρ) ⊗ Ψ to the part of its K-Selmer group on which the action by a complex conjugation c v for v | ∞ is given by ±Ψ(c v ). In Lemma 7.2 we show that on H 1 (As −Ψ(cv) (ρ) ⊗ Ψ) the action by c v agrees with an involution ⊥ cv corresponding to the polarization condition satisfied by R. A result of [BC09] implies that the involution ⊥ cv acts on the G K -extension constructed from R by the sign associated to (R, Ψ, c v ) (introduced in Definition 5.5). Combining these, we get in Theorem 7.1 a construction of an element in the Bloch-Kato Selmer group of As ± (ρ) ⊗ Ψ, where the sign is given by −Ψ(c v )sign(R, Ψ, c v ). In Proposition 6.3 we prove that this As ± (ρ) ⊗ Ψ is critical in the sense of Deligne (for characters Ψ where this corresponds to a twist in the left hand side of the critical strip of As(ρ)) if and only if sign(R, Ψ, c v ) = 1. That automorphic Galois representations R are odd in this sense has been proven in [BC11] for Galois representations associated to regular algebraic cuspidal polarized representations of GL m over CM fields. We expect it to hold more generally, see the discussion in Remark 5.10.
The (non-critical) G K + -represention As Ψ(cv ) (ρ) ⊗ Ψ does, in fact, not depend on Ψ(c v ). This allows us in Corollary 8.3 to deduce total oddness of certain residually reducible polarized Galois representations if we assume that the order of the Selmer group
is not divisible by p for a fixed choicec of complex conjugation.
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Notation
If L is a number field then we fix algebraic closures L and L v for every place v of L and compatible embeddings L ֒→ L v ֒→ C and write D Lv and I Lv (or I v if L is understood) for the corresponding decomposition and inertia subgroups of
We fix a prime p > 2 and denote by ǫ : G L → Z * p the p-adic cyclotomic character. If v is a finite place of L, not dividing p, then its value on the arithmetic Frobenius element ǫ(Frob v ) = q v , where the latter denotes the size of the residue field of L at v. For a p-adic representation V of G L , we write V (n) := V ⊗ ǫ n for n ∈ Z. For the coefficients of our p-adic representations, we will take E to be a (sufficiently large) finite extension of Q p inside Q p with ring of integers O and residue field F. We fix a choice of a uniformizer ̟.
We fix an isomorphism 
Asai L-function and tensor induction
We describe the definition of the Asai L-function of a cuspidal automorphic representation π for GL m (K) for a CM field K/K + (adapting the treatment for m = 2 in [Kri12], see also [Ram04] Section 6). The Langlands dual of the algebraic group
given by
For each place v we denote the local L-group homomorphisms obtained from r ± by restriction by r ± v . Let π be a cuspidal automorphic representation for GL m (A K ). Then we may consider π as a representation of R K/K + GL m (A) and factorize it as a restricted tensor product
where each π v is an irreducible admissible representation of GL m (
As ± (π v ) now be the irreducible admissible representation of GL m 2 (K + v ) corresponding to the parameter r ± v • φ v under the local Langlands correspondence and put As ± (π) := ⊗ v As ± (π v ). By Langlands functoriality these should be isobaric automorphic representations of GL m 2 (A), the ± Asai transfers of π. For m = 2 this has been proven by Krishnamurty [Kri03] and Ramakrishnan [Ram02] .
We will, however, only be referring to the corresponding Langlands L-function, which is defined by
For unramified v and π v spherical the latter is given by
where A(π v ) is the semisimple conjugacy class (Satake parameter) in
For more details and its analytic properties we refer the reader to [GS15]. We will also consider the twisted Asai L-function L(s, π, r ± ⊗ Ψ) for Ψ :
For unramified places its Euler factors are given by
The operation for Galois representations corresponding to the Asai transfer is usually called tensor (or multiplicative) induction: Consider a representation ρ : G K → GL(V ) for an n-dimensional vector space V over a field. Then we define the following extensions of V ⊗ V c to G K + :
given by As
We first note that As
We quote further properties from [Pra92] Lemma 7.1:
(1) For representations ρ 1 and ρ 2 of G K ,
We also recall from [Kri12] p.1362-3 how r ± and As ± are related: Given σ :
It is now easy to check that
4. Relating Selmer groups over K and K
+
In this section we record how to relate Bloch-Kato Selmer groups over K and
. Let Σ be a finite set of places of L. Following Bloch-Kato (see also [DFG04] Section 2.1) we define for M = W, W n the following Selmer groups: Lemma 4.1. Let V be a G K + -representation with T and W as above. Let Σ + be a finite set of places of K + and Σ the set of places of
where the superscripts indicate the eigenspaces for the action of c ∈ Gal(K/K + ). Furthermore the restriction map from G K + to G K induces isomorphisms
Proof. For this we note that ind
and recall Shapiro's lemma which for a finite Galois extension of fields E/F tells us that [SU14] 3.1.1 and 3.1.2 for a detailed discussion of Shapiro's lemma in the case that M is a discrete module and the compatibility with restrictions at finite places and [SU14] Lemma 3.1 for the analogous statement for the Greenberg Selmer groups in the case of ordinary representations). The statement for Bloch-Kato Selmer groups follows easily from this and the projection formula
where w is a place of K lying over a place v of K + , which in turn lies over p.
Polarized Galois representations and signs
We recall a class of automorphic representations for which Galois representations have been constructed. We follow the exposition in [Tho15] Section 2 (except for taking the arithmetic Frobenius normalisation when associating the Galois representation):
Definition 5.1. We say that a pair (π, χ) of an automorphic representation π of GL m (A K ) and a continuous character χ : (K + ) * \A * K + → C * is RAECSDC (regular, algebraic, essentially conjugate self-dual, cuspidal) if it satisfies the following properties:
(1) π is cuspidal.
(4) The infinitesimal character of π ∞ agrees with the infinitesimal character of an algebraic representation of the group Res K/Q GL m .
We say that an automorphic representation π of GL m (A K ) is RACSDC if it satisfies these conditions with χ = χ m K/K + . 
where rec ∨ Kv is the local Langlands correspondence for GL m (K v ) using the arithmetic Frobenius normalisation.
Remark 5.3.
(1) A standard argument using the Baire category theorem shows that each of the representations is valued in some finite extension of Q p (denoted for simplicity by E in the following, suppressing the dependency on π). 5.1. Polarizations and signs. Recall that K/K + is a CM quadratic extension and E a finite extension of Q p .
Definition 5.4. Let Ψ : G K + → E * be a character and R : G K → GL m (E) an absolutely irreducible representation. We call (R, Ψ) polarized if
In this section we consider complex conjugations c v ∈ G K + for v | ∞ and conjugate representations R cv defined by R cv (g) = R(c v gc v ) (which are all isomorphic to R c defined using our fixed complex conjugationc). By Schur's Lemma there exists a matrix A v ∈ GL m (Q p ), unique up to scalar, such that Proof. For Rc ′ the matrix Ac′ equals AcR(c ′c ). Since
we deduce that sign(R, Ψ,c
Remark 5.7. This lemma shows that our notion of "totally odd polarized" agrees with that in [BLGGT14] Section 2, except that we do not demand that Ψ(c v ) = −1 for all v | ∞, which can, however, easily be achieved by replacing Ψ by Ψχ K/K + .
Example 5.8 (Essentially self-dual G K + -representation).
(1) LetR :
This implies thatR is either (generalized) symplectic or orthogonal, i.e. that there exists a sympletic or orthogonal pairing for the vector space underlyingR.
[Cal11] Lemma 2.6 shows that (R| GK , Ψ) is odd at v either ifR is symplectic and Ψ(c v ) = −1 or ifR is orthogonal and Ψ(c v ) = 1. In particular, this shows that the notion of oddness in Definition 5.5 generalizes the notion of oddness for 2-dimensional representations ρ :
. This means that sign(R) = 1 is again equivalent to the oddness of the polarization character det(R). Remark 5.10. If p > 2 and ρ π is residually irreducible then the signs of ρ π and its reduction agree (see e.g. [BC11] section 2.3). This implies that in such cases oddness is also known for irregular π if there is a congruence to a RAECSDC representation.
Work of V. Lafforgue should more generally allow to relax the regularity assumption to include π such that the descent to the corresponding unitary group has a non-degenerate limit of discrete series as archimedean component.
Bloch-Kato Conjecture
Let π be a regular L-algebraic cuspidal automorphic representation of GL m (A K ). As noted above, [HLTT16] and [Sch15] have constructed the Galois representations ρ π : G K → GL m (E) associated to π for E a (sufficiently large) finite extension of Q p (we again take the arithmetic Frobenius normalisation).
In this section we state the Bloch-Kato conjecture (following the exposition in [Dum15] ) for the Asai L-value L(1, π, r ± ⊗ Ψ) for Ψ :
Let F be a number field (including the field of definition of the Satake parameters of π), and p | p a place of F with F p ∼ = E. Let As ± (ρ π ) : G K + → GL m (E) be the Asai plus/minus representation defined in section 3. By [Clo90] Conjecture 4.5 (applied to the conjectural Asai transfer As ± (π) to GL m 2 (A)) there should exists a motive M(π, r ± ⊗ Ψ) of rank m 2 with coefficients in F such that if ρ M(π,r ± ⊗Ψ),p :
Note that this p-adic realisation is dual to As ± (ρ π ) ⊗ Ψ due to the arithmetic Frobenius normalisation we chose for ρ π .
and H dR (M) be the Betti and de Rahm realisations, and let H B (M)
± be the eigenspaces for the complex conjugationc.
. Assume that this is the case for M (which requires, in particular, a choice of r + or r − , see Proposition 6.3).
Assume p ≫ 0 (see section 4 of [Dum15] for details, but in particular, so that (As ± (ρ π ) ⊗ Ψ)| Dv can be described using Fontaine-Laffaille theory) and that π is not ramified at any places dividing p. Let O (p) be the localisation at p of the ring Let Ω be a Deligne period scaled according to the above choice, i.e. the determinant of the isomorphism
calculated with respect to the bases of (T 
where
, with the dual action of G K + , and # denotes a Fitting ideal.
Remark 6.2.
(1) Note that the Langlands L-function L(1, π, r ± ⊗ Ψ) equals L(1, M) and relates to the Galois modules on the right hand side given by
We will write the Selmer group in the numerator of the right hand side as
−1 ) and the central character of π extends to G K + (the situation in [Ber15] ) or if (π, χ) is an RAECSDC representation and Ψ = ǫ 1−m χ gal then As(ρ π ) ⊗ Ψ is self-dual (using the properties of the twisted tensor induction recalled in section 3 and that the transfer of Ψ| GK to G K + is Ψ 2 , see Lemma 4.1 of [Ber15] ).
For the case of Ψ| GK = ǫ −m we analyze the criticality of the Asai motive M(π, r ± ⊗ Ψ) = M(π, r ± )(m) (or equivalently its dual As ± (ρ)(−m)):
Proposition 6.3. Let p > 2 and ρ = ρ π : G K → GL n (E) be a residually irreducible continuous representation arising from a regular motive with coefficients in F that is pure of some weight. We assume that the Hodge decomposition of
side of the critical strip) the motive As
is critical in the sense of Deligne, whereas As
is not (so exactly the odd (resp. even) integers in [1, wt(ρ)] are critical for As + (ρ) (resp. As − (ρ)).
Proof. We need to show
(In the following we will write r for r
m+1 .) Since we assume that m lies in the left-hand side of the critical strip and that ρ arises from a regular pure motive we know that
To calculate dimH B (M(π, r)(m)) + we follow the argument in [Har13] Section 1.3: Write M B := H B (M(ρ)) for the Betti realisation of the motive corresponding to ρ, which is a module over the number field F . Choose an F -basis e 1 , . . . e n of M B . Let t B = 2πit be a rational basis for K + (1) B = (2πi)K + and e χ a basis vector for the Betti realisation of the Artin motive K + (χ K/K + ) of rank 1 over K + attached to the character χ K/K + . As a model of H B (M(π, r)(m)) we take
with the actioñ 
Construction of elements in critical Selmer groups for general Asai representations
This section proves the main result Theorem 7.1 which establishes the Galois part of the proof of one direction of the Bloch-Kato conjecture for general Asai representations (i.e. we assume the existence of a residually reducible representation R that could be constructed by establishing suitable congruences of polarized automorphic forms). Note that the assumption in the theorem on the reduction of R is that R ss has two summands that get swapped under the involution σ → σ
corresponding to the polarization of (R, Ψ).
Theorem 7.1. Let p > 2, Ψ : G K + → E * a character, and ρ : G K → GL n (E) a residually irreducible continuous representation with
Assume there exists an absolutely irreducible representation
that is unramified away from a finite set of places Σ and short crystalline at v | p such that
If Σ + is the set of places of K + lying below Σ then
Proof. We generalize the proof of Theorem 6.1 in [Ber15] .
Theorem 1.1 of [Urb01]) we know there exists a lattice for R such that
and this extension is not split. We claim now that this gives rise to an element in
which is isomorphic to H
First note that (7.1) gives a non-trivial class in
By the assumptions on the ramification and crystallinity ofR we have, in fact, a class in
we obtain an element in
. To see the latter, assume that Hom G K + (1, As(ρ) ⊗ Ψ) = 0. This implies Hom GK (1, ρ ⊗ ρ c ⊗ Ψ) = 0, contradicting our assumption that ρ and ρ c∨ Ψ −1 are irreducible and non-isomorphic.
1
Lemma 7.2. On H 1 (G K , As + (ρ) ⊗ Ψ) thec-action coincides with −Ψ(c) times the "polarization involution" ⊥c arising from the involution on
Proof. We recall from [BC09] Section 1.8 for how τ induces an involution on H 1 (G K , As(ρ) ⊗ Ψ). (For this action we only require the G K -module, so we will write the coefficients as Hom F (ρc ∨ Ψ −1 , ρ).) In our case, τ is an anti-involution of algebras, and the corresponding involution on representations σ :
[BC09] (26) on p.51 explains that the induced involution on
can be described as follows: Associate to a cocycle
the representation
As in the proof of Lemma 5.2 in [Ber15] we calculate that
where we used the cocycle relation for the last equality. We compare this to the action ofc
given by (c.φ)(g) = As(ρ) ⊗ Ψ(c)φ(cgc −1 ).
Since As(ρ)(c) acts as transpose on the upper right shoulder,
By using a result of Bellaïche and Chenevier we can now show that the extension (7.1) constructed using Theorem 1.1 of [Urb01] lies in
In fact, Urban' s Theorem 1.1 constructs an ele-
Since R is absolutely irreducible [BC09] Proposition 1.6.4 tells us that ker R = ker T . The morphism R induces a morphism from O[G K ]/ ker R and so, applying [Urb01] Theorem 1.1 again, we see that c G lies in the subspace
We conclude the proof using [BC09] Proposition 1.8.10(i) which tells us that ⊥c acts by multiplication by sign(R, Ψ,c) on Ext
Under some mild additional assumptions one can check that the Theorem implies that this construction always produces elements in the Selmer group for the Asai motive that is critical in the sense of Deligne.
For Ψ| GK = ǫ −w (e.g. the polarization character for the Galois representations associated to RACSDC representations of GL w+1 (A K )) and sign(R) = 1 we have As −Ψ(c)sign(R) (ρ(i)) ⊗ Ψ = As
w+1 (ρ)(−w + 2i). We can therefore deduce the following corollary to Theorem 7.1 and Proposition 6.3:
Corollary 7.3. Let p > 2, K/K + a CM field and ρ : G K → GL n (E) be an residually irreducible continuous representation arising from a regular motive that is pure of some weight. Consider an absolutely irreducible representation
with sign(R) = 1 that is pure of weight w, unramified away from a finite set of places Σ and short crystalline at v | p and satisfies
Assume that for some i ∈ Z such that w − 2i lies in the left-hand side of the critical strip of As(ρ) we have
and As 
Then there exists an algebraic essentially conjugate self-dual cuspidal automorphic representation π of GL m /K such that ρ π ∼ = R. (1) Note that we can deduce total oddness by applying Theorem 7.1 for all complex conjugations c v for v | ∞, without a priori assuming the independence of Ψ(c v ), since H 1 Σ + (K + , As Ψ(cv) (ρ) ⊗ Ψ ⊗ (E/O)) is independent of v | ∞. For this we note that the Galois representations As ± (ρ) (defined as extensions of ρ ⊗ ρ cv ) are isomorphic for different c v , and that As Ψ(cv) (ρ) ⊗ Ψ is independent of Ψ(c v ). (2) Corollary 8.3 lets us give an alternative proof of Proposition 1.2: Let σ : G Q → GL 2 (Q p ) be a short crystalline representation as in Proposition 1.2 and choose K/Q imaginary quadratic such that R := σ| GK is irreducible (i.e. such that σ ∼ = σ ⊗ χ K/Q ). We now take K + = Q, n = 1, ρ the trivial character 1 GK : G K → Z * p , and Ψ = ǫ −m in Corollary 8.3.
Note that As + (1 GK ) = 1 GQ and As 
